A Class of Partial Linear Spaces Related toPGL3(q2)  by Ueberberg, Johannes
 Europ . J . Combinatorics  (1997)  18 ,  103 – 115
 A Class of Partial Linear Spaces Related to  PGL 3 ( q  2 )
 J OHANNES U EBERBERG
 Let  P  5  PG (2 ,  q 2 ) .  We shall define a geometry of rank 2—called  Baer geometry of order
 q —whose points are the Baer subplanes of  P  and whose lines are the partitions of  P  into Baer
 subplanes induced by the Singer cycles of  P .  The Baer geometry of order  q  admits  PGL 3 ( q
 2 ) as
 a flag-transitive automorphism group .
 In addition , we shall endow the Baer geometry of order 2 with planes and show that the
 resulting geometry of rank 3 has the diagram :
c
2 1 6
 Ö  1997 Academic Press Limited
 1 .  I NTRODUCTION
 Inspired by Tits’ celebrated theory of buildings [15] , F . Buekenhout founded the
 theory of diagram geometries . One of the central questions in diagram geometry is as
 follows : Given a group  G  we are looking for a geometry  G  such that  G  acts
 flag-transitively on  G . Buildings are , for example , such geometries with respect to the
 Lie groups (see [15]) . For many finite simple sporadic groups , Buekenhout [3]
 constructed corresponding geometries . In the meantime , there is a rich literature about
 this subject (see [6]) .
 In the present paper we shall construct for any prime power  q  a partial linear space  G
 of order ( q 2  2  q ,  1 – 3 ( q
 6  2  q 5  2  q 4  1  q 3  2  3)) such that the group  PGL 3 ( q
 2 ) acts flag-
 transitively on  G .
 In order to present our main result we briefly recall some facts about projective
 planes . For more detailed information the reader is referred to Sections 2 and 3 .
 Let  P  5  PG (2 ,  q 2 ) .  Every Singer cycle  s  of  P  defines a partition  3 ( s  ) of the point
 set of  P  into pairwise disjoint Baer subplanes of  P .  In [17] , these partitions have been
 called  linear Baer partitions  or , equivalently ,  Singer  – Baer partitions .  The Baer
 subplanes and the Singer – Baer partitions of  P  define a geometry  G q  of rank 2 : the
 points of  G q  are the Baer subplanes and the lines of  G q  are the Singer – Baer partitions .
 A Baer subplane  B  and a Singer – Baer partition  3 ( s  ) are incident in  G q  if f  B  P  3 ( s  ) .
 We call the geometry  G q  the  Baer geometry of order q .
 Let us recall that a  partial lienar space of order  ( s ,  t ) is a geometry of rank 2 such that
 any two points are incident with at most one line , any line contains  s  1  1 points and any
 point is incident with  t  1  1 lines .
 Our first result reads as follows .
 T HEOREM 1 . 1 .  Let  G  be the Baer geometry of order q , and let G be the group
 PGL 3 ( q
 2 ) . Then :
 (a)  G  is a partial linear space of order  ( q 2  2  q ,  1 – 3 ( q
 6  2  q 5  2  q 4  1  q 3  2  3)) .
 (b)  G acts transiti y  ely on the flags of  G .
 (c)  If B is a point of  G , then Stab G ( B )  .  PGL 3 ( q ) .
 ( d )  Let  &  be a line of  G , and let  s  be a Singer cycle such that  &  5  3 ( s  ) . Then we ha y  e
 Stab G ( & )  5  N G ( k s  l ) . Furthermore ,  u Stab G ( &  ) u  5  3( q 4  1  q 2  1  1) .
 (e)  Let F  : 5  h B ,  &  j  be a flag of  G . Then Stab G ( F  )  is a group of order  3( q 2  1  q  1  1)
 containing a Singer group of B as a subgroup of index  3 .
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 (f)  Let g be the gonality of  G . If q  5  2 , then g  5  4 . If q  >  3 , then g  5  3 .
 Of particular interest is the Baer geometry  G 2 of order 2 . In  G 2 , any line is incident
 with three points , and  G 2 does not contain triangles . Let  l  and  m  be two lines with point
 sets  h A ,  B ,  E j  and  h A ,  D ,  H j .  Then there exist four points  C ,  F ,  G  and  I  such that any
 of the sets  h C ,  D ,  F  j ,  h G ,  H ,  I j ,  h B ,  C ,  G j  and  h E ,  F ,  I j  are collinear ; in other words , the
 set  h A ,  B ,  .  .  .  ,  I j  forms a 3  3  3 grid :
H G I
A B E
D C F
 We extend  G 2 to a geometry  G #  2 of rank 3 as follows : the points , lines and planes of  G #  2
 are the points , lines and grids of  G 2 . The incidence in  G #  2 is defined in the natural way .
 T HEOREM 1 . 2 .  Let  G  5  G #  2  be the Baer geometry of order  2  and of rank  3 . Then :
 (a)  G  has the following diagram :
c
2 1 6
 (b)  The group PGL (3 ,  4)  acts flag - transiti y  ely on  G .
 Since the grometry  G #  2 belongs to the diagram
L
 we mention two particularly important geometries belonging to this diagram . One of
 them admits  M 2 4 as flag-transitive automorphism group and has the following diagram
 (see [12]) :
L
2 2 6
 The other one admits the third Janko group  J 3 as a flag-transitive automorphism group
 and has the following diagram (see [16] and [1]) :
L
5 1 15
L
 Further examples of geometries with diagram  have been investigated by
 Dehon , De Schutter and Buekenhout (see [6]) . They are related to the groups
 5 2  :  GL (2 ,  5) ,  3 2  :  GL (2 ,  3) and 2 4  :  GL (2 ,  4) .
 The present paper is organized as follows . In Section 2 we shall discuss the Baer
 geometries of order  q  in general . In particular , we shall give a proof of Theorem 1 . 1 .
 Section 3 is devoted to the Baer geometries of order 2 and contains a proof of Theorem
 1 . 2 . The paper concludes with some open problems .
 2 .  T HE B AER G EOMETRIES
 For the definition of the Baer geometries we need the notions of Singer cycle , Baer
 subplane and Singer – Baer partition .
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 Let  P  5  PG (2 ,  q ) .  A  Singer cycle  of  P  is an automorphism  s  which permutes all
 points of  P  in a single cycle . Such an automorphism is of order  q 2  1  q  1  1 .  If  s  is a
 Singer cycle , then the group generated by  s  is called a  Singer group .  Singer [13]
 showed that any finite desarguesian projective plane admits Singer cycles .
 If  P  5  PG (2 ,  q 2 ) and if  B  is a projective subplane of  P  of order  q ,  then  B  is called a
 Baer subplane  of  P .  If  B  is a Baer subplane of  P ,  then there is exactly one
 automorphism  τ  of  P  of order 2 such that the fixed points and fixed lines are the points
 and lines of  B .  The automorphism  τ  is called a  Baer in y  olution  of  P .
 In [13] , Singer established the following correspondence between the Baer subplanes
 and the singer cycles .
 L EMMA 2 . 1 .  Let  s  be a Singer cycle of the desarguesian projecti y  e plane P  5
 PG (2 ,  q 2 ) . Then :
 (a)  The point orbits of P under the action of th group  k s  q 2 2 q 1 1 l  form a partition  @  of P
 into q 2  2  q  1  1  disjoint Baer subplanes .
 (b)  In any member of  @  the automorphism  s  q
 2 2 q 1 1  induces a Singer cycle .
 (c)  The group  k s  q 2 1 q 1 1 l  permutes the planes of  @  in one cycle .
 If  P  5  PG (2 ,  q 2 ) ,  and if  @  is a partition of  P  into disjoint Baer subplanes induced by
 a Singer cycle  s  ,  then we call  @  a  linear Baer partition  or , equivalently , a  Singer  – Baer
 partition ,  and we denote it by  3 ( s  ) (see [17]) . The following theorem (see [17 ,
 Th .  3 . 1]) is the starting point for the present paper .
 L EMMA 2 . 2 .  Let P  5  PG (2 ,  q 2 ) , and let B and B 9  be two disjoint Baer subplanes of
 P . Then there exists exactly one Singer  – Baer partition containing B and B 9 .
 D EFINITION 2 . 3 .  Let  P  5  PG (2 ,  q 2 ) .  Then the Baer subplanes and the Singer – Baer
 partitions of  P  define a geometry  G q  of rank 2 : the points of  G q  are the Baer subplanes
 and the lines of  G q  are the Singer – Baer partitions . A Baer subplane  B  and a
 Singer – Baer partition  3 ( s  ) are incident in  G q  if f  @  P  3 ( s  ) .  We call the geometry  G q
 the  Baer geometry of order q .
 Let  G  be the Baer geometry of order  q .  Given two points  x  and  y  of  G ,  it follows
 from Lemma 2 . 2 that there is at most one line through  x  and  y .  In other words ,  G  fulfils
 the condition (LL) (see [5 ,  3 . 7 . 2]) .
 We compute some parameters of these geometries .
 P ROPOSITION 2 . 4 .  Let  G q be a Baer geometry of order q . Then :
 (a)  G q has q
 3 ( q 3  1  1)( q 2  1  1)  points .
 (b)  G q has 
 1 – 3 q
 6 ( q 4  2  1)( q 2  2  1)  lines .
 (c)  Any line is incident with q 2  2  q  1  1  points .
 (d)  Any point is incident with  1 – 3 q
 3 ( q 2  2  1)( q  2  1)  lines .
 (e)  Any point of  G q is collinear with exactly 
 1 – 3 q
 4 ( q 2  2  1)( q  2  1) 2  points .
 (f)  Let g be the gonality of  G q . If q  5  2 , then g  5  4 . If q  >  3 , then g  5  3 .
 P ROOF .  Let  P  5  PG (2 ,  q 2 ) .
 (a)  By [10] (see Cor . 3 of Lemma 4 . 3 . 1) , the number of Baer subplanes of  P  is
 q 3 ( q 3  1  1)( q 2  1  1) .
 (c)  Any Singer – Baer partition contains exactly  q 2  2  q  1  1 Baer subplanes .
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 (e)  By [14] , there are  1 – 3 q 4 ( q 2  2  1)( q  2  1) 2 Baer subplanes disjoint from a given Baer
 subplane .
 (d)  follows from (c) and (e) .
 (b)  If  y  ,  b ,  k  and  r  are the numbers of points , of lines , of points on a line and of lines
 through a point , respectively , then  b  5  y  r  / k .  From (a) , (c) and (d) it follows that
 b  5  1 – 3 q
 6 ( q 4  2  1)( q 2  2  1) .
 (f)  The case  q  5  2 will be handled in Section 3 . 5 . The case  q  5  3 has been established
 by T . Meixner and the author using the computer algebra system CAYLEY . From now
 on , let  q  >  4 .  Let  r  be the number of lines through a point of  G q .  Let  B  be a point of  G q  ,
 and let  s  be the number of points of  G q  collinear with  B .  Finally , let  +  be the set of all
 lines of  G q  at distance 3 from  B .  Assuming that  g  >  4 ,  we obtain
 u +  u  5  s ( r  2  1)  5  1 – 3 q 4 ( q 2  2  1)( q  2  1) 2 1 – 3 q 3 ( q 2  2  1)( q  2  1)
 contradicting the fact that  G q  contains only 
 1 – 3 ( q
 1 2  2  q 1 0  2  q 8  1  q 6 ) lines .  h
 In what follows , we shall investigate the automorphism group of the Baer
 geometries .
 P ROPOSITION 2 . 5 .  Let  G  be a Baer geometry of order q . Then the group P G L 3 ( q
 2 )  acts
 faithfully on  G .
 P ROOF .  Let  P  5  PG (2 ,  q 2 ) .  Since the points and lines of  G  are the Baer subplanes
 and Singer – Baer partitions of  P ,  any automorphism  a  of  P  induces an automorphism  a ˜
 on  G . Let  a  be an automorphism of  P  such that  a ˜  5  id .  Let  x  be a point of  P .  Then
 there are two Baer subplanes  B  and  C  of  P  intersecting each other in the point  x .
 Because  a ˜  ( B )  5  B  and  a ˜  ( C )  5  C ,  it follows that  a  ( x )  P  B  >  C  5  h x j .  Hence  a  5  id .  h
 From now on , we understand  P G L 3 ( q 2 ) as an automorphism group of the Baer
 geometry  G  of order  q .  If  B  is a point of  G , then  B  is a Baer subplane in  P  5  PG (2 ,  q 2 ) .
 The Baer involution of  B  with respect to  P  is also called the  Baer in y  olution  of  B  (with
 respect to  G ) . If  @  is a line of  G , then  @  is a Singer – Baer partition  @  5  3 ( s  ) in  P  for
 some Singer cycle  s .  The Singer cycle  s  is also called a  Singer cycle  with respect to the
 line  @  of  G .
 As is shown in the following proposition , the Singer – Baer partitions are uniquely
 determined by their Singer groups and vice versa .
 P ROPOSITION 2 . 6 .  Let P  5  PG (2 ,  q 2 ) , and let  s  and  s 9  be two Singer cycles of P .
 Then the following statements are equi y  alent :
 (i)  k s  l  5  k s 9 l ;
 (ii)  k s  q 2 2 q 1 1 l  5  k s  9 q 2 2 q 1 1 l ;
 (iii)  3 ( s )  5  3 ( s 9 ) .
 P ROOF .  (i)  é  (ii) Since  k s  l  and  k s 9 l  are cyclic groups of order  q 4  1  q 2  1  1 ,  there is
 exactly one subgroup of order  q 2  1  q  1  1 in  k s  l  5  k s 9 l ; namely ,  k s  q 2 2 q 1 1 l  5  k s 9 q 2 2 q 1 1 l .
 (ii)  é  (iii)  The Baer subplanes of  3 ( s  ) and  3 ( s 9 ) are the point orbits of  P  with
 respect to the groups  k s  q 2 2 q 1 1 l  and  k s  9 q 2 2 q 1 1 l .  From  k q q 2 2 q 1 1 l  5  k s 9 q 2 2 q 1 1 l ,  it follows
 that  3 ( s  )  5  3 ( s 9 ) .
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 (iii)  é  (i)  Let  6  be the set of all Singer groups of  P ,  and let  @  be the set all
 Singer – Baer partitions of  P .  By [17 , Prop .  2 . 4] , the map
 g
 g
 :
 :
 6
 k s  l
 5
 S
 @
 3 ( s  )
 is well-defined . Furthermore ,  g  is surjective . From  u 6 u  5  1 – 3 q 6 ( q 4  2  1)( q 2  2  1) (see [10 ,
 Cor .  3 of Th .  4 . 2 . 1]) and  u @ u  5  1 – 3 q 6 ( q 4  2  1)( q 2  2  1) (Proposition 2 . 4) , it follows that  g  is
 injective .
 From  3 ( s  )  5  3 ( s 9 ) ,  it follows that  k s  l  5  k s 9 l .  h
 P ROPOSITION 2 . 7 .  Let  G  be a Baer geometry of order q . Let B and  &  be a point and a
 line of  G . Let  τ  and  s  be the Baer in y  olution of B and a Singer cycle of  & , respecti y  ely .
 Then B and  &  are incident if f  τ  and  s  q
 2 2 q 1 1  commute .
 P ROOF .  The proof is given in Ueberberg [17 , Prop . 2 . 5] .  h
 In what follows , we shall investigate the action of the group  PGL 3 ( q 2 ) on the Baer
 geometry of order  q .
 P ROPOSITION 2 . 8 .  Let  G  be the Baer geometry of order q . Let B and B 9  be two points
 of  G  with the Baer in y  olutions  τ  and  τ  9 . Furthermore , let  &  and  &  9  be two lines of  G  with
 Singer cycles  s  and  s 9 . Let G be the group PGL 3 ( q
 2 ) , and let  a  P  G . Then :
 (a)  a  ( B )  5  B 9  if f  a 2 1 τ  9 a  5  τ  ;
 (b)  a  ( B )  5  B if f  [ a  ,  τ  ]  5  1 ;
 (c)  a  ( &  )  5  &  9  if f  a 2 1 k s 9 l a  5  k s  l ;
 (d)  a  ( &  )  5  &  if f  a  P  N G ( k s  l ) ;
 (e)  u N G ( k s  l )  :  k s  l u  5  3 .
 P ROOF .  (a)  This proof is given in Ueberberg [17 , Prop . 2 . 1] .
 (b)  follows from (a) .
 (c)  For a point  X  of  G ,  we denote by  τ X  the Baer involution of  X .  Furthermore , let  &  0
 be the line defined by the Singer cycle  a  2 1 s a  .  Then we have
 a  ( & )  5  &  9  ï  a  ( B )  P  &  9  for  all  B  P  &
 ï  [ τ  a ( B ) ,  s  9 q
 2 2 q 1 1 ]  5  1  for  all  B  P  &
 ï  [ a τ B a  2 1 ,  s  9 q
 2 2 q 1 1 ]  5  1  for  all  B  P  &
 ï  [ τ B  ,  a  2 1 s  9 q
 2 2 q 1 1 a  ]  5  1  for  all  B  P  &
 ï  [ τ B  ,  ( a  2 1 s 9 a  ) q
 2 2 q 1 1 ]  5  1  for  all  B  P  &
 ï  a  ( B )  P  &  0  for  all  B  P  &
 ï  &  5  &  0
 ï  k s  l  5  a  2 1  ,  s 9  .  a  .
 (d)  follows from (c) .
 (e)  This proof is given in Huppert [11 , II , 7 . 3] .  h
 We are now able to prove Theorem 1 . 1 .
 P ROOF  OF T HEOREM 1 .  (a)  follows from Proposition 2 . 4(c) and (d) .
 (b)  Let  &  and  *  be two lines of  G . Since any two Singer groups are conjugate in  G ,
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 by Propositon 2 . 8(c) there is an element  a  P  G  with  a  ( &  )  5  * .  Therefore  G  acts
 transitively on the lines of  G .
 Let  &  be a line , and let  s  be a Singer cycle of  & . In  P  5  PG (2 ,  q 2 ) the line  &  is the
 Singer – Baer partition  3 ( s  ) .  By Lemma 2 . 1 ,  s  q 2 1 q 1 1 permutes the Baer subplanes of
 3 ( s  )  in one cycle . Hence  k s  q 2 1 q 1 1 l  fixes the line  &  and acts transitively on the points
 of  & . So we have seen that  G  acts flag-transitively on  G .
 (c)  Let  B  be a point of  G . Then  B  is a Baer subplane in  P  5  PG (2 ,  q 2 ) .  Therefore ,
 Stab G ( B )  .  PGL 3 ( q ) .
 (d)  Let  &  be a line , and let  s  be a Singer cycle of  & . By Proposition 2 . 8(d) we have
 Stab G ( &  )  5  N G ( k s  l ) .  From Proposition 2 . 8(e) it follows that  u Stab G ( &  ) u  5  3( q 4  1
 q 2  1  1) .
 (e)  Let  s  be a Singer cycle of  & , and let  τ  be the Baer involution of  B .  Then , by
 Proposition 2 . 7 , we have [ τ  ,  s  q 2 2 q 1 1 ]  5  1 .  By Proposition 2 . 8 ,  k s  q 2 2 q 1 1 l  Ô  Stab G ( F  ) .
 From  u Stab G ( &  ) u  5  ( q 2  2  q  1  1)  ?  u Stab G ( F  ) u  and (c) it follows that  u Stab G ( F  ) u  5  3( q 2  1
 q  1  1) .
 (f)  Follows from Proposition 2 . 4(f) .  h
 3 .  T HE B AER G EOMETRY  OF O RDER 2
 In the present section we shall be concerned with the Baer geometry of order 2 . Our
 main result is that this geometry defines a flag-transitive geometry of rank 3 with the
 following diagram :
c
2 1 6
 Since the Baer geometry  G  of order 2 is defined over the projective plane  P  5  PG (2 ,  4) ,
 there are two types of points and lines : those of  G  and those of  P .  We denote the points
 and lines of  G  by capital and script letters , respectively and the points and lines of  P  by
 lower-case letters . Two detailed studies of the projective plane of order 4 can be found
 in [2] and [7] .
 By Proposition 2 . 4 , the Baer geometry of order 2 has the following parameters :
 P ROPOSITION 3 . 1 .  Let  G  the Baer geometry of order  2 . Then :
 (a)  G  has  360  points and  960  lines .
 (b)  Any line is incident with three points and any point is incident with eight lines .
 (c)  If  &  is a line , then there are  21  lines intersecting  &  in a point .
 P ROPOSITION 3 . 2 .  Let P  5  PG (2 ,  4) , and let  h A ,  B ,  C j  be a Singer  – Baer partition . Let
 τ  be the Baer in y  olution of B . Then we ha y  e  τ  ( A )  5  C .
 P ROOF .  Obviously ,  τ  ( A ) is a Baer subplane of  P .  Let  x  P  A ,  and let  g  be the line of
 B  through  x .  Since  τ  fixes the line  g ,  the point  x  is mapped on a point of  g .  Since there
 are only five points on  g ,  it follows that  τ  ( x )  5  g  >  C .  In particular , we have  τ  ( A )  Ô  C  ;
 that is ,  τ  ( A )  5  C .  h
 P ROPOSITION 3 . 3 .  Let P  5  PG (2 ,  4) , and let  h A ,  B ,  C j  and  h A ,  D ,  E j  be two Singer  –
 Baer partitions containing A . Then one of the following two cases occurs :
 (i)  D  >  B and E  >  C are triangles , and E  >  B and D  >  C are near pencils with four
 points .
 (ii)  E  >  B and D  >  C are triangles , and D  >  B and E  >  C are near pencils with four
 points .
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 P ROOF .  Since  A  and  D  are disjoint , the seven points of  D  are contained in the
 planes  B  and  C  (the Baer subplanes  A ,  B  and  C  cover  P ) .
 D  and  B  have at most four points in common (otherwise ,  D  >  B  would contain a
 quadrangle , implying  D  5  B ) . The same argument yields that  D  and  C  have at most
 four points in common . So we have either  u D  >  B u  5  3 and  u D  >  C u  5  4 or  u D  >  B u  5  4
 and  u D  >  C u  5  3 .
 We shall study the first case . Since  D  >  C  does not contain a quadrangle , it follows
 from  u D  >  C u  5  4 that  D  >  C  is a near pencil with four points . In a projective plane of
 order 2 , the complement of a near pencil with four points is a triangle . Therefore
 D  >  B  is a triangle . The seven points of  E  are exactly the seven points of  B  <  C  not
 contained in  D .  It follows that  u E  >  B u  5  4 and  u E  >  C u  5  3 .  As above , it follows that
 E  >  B  is a near pencil with four points and  E  >  C  is a triangle . This is exactly the
 situation described in (i) .
 The case in which  D  >  C  is a triangle is treated analogously .  h
 C OROLLARY 3 . 4 .  Let P  5  PG (2 ,  4) , and let  h A ,  B ,  C j  be a Singer  – Baer partition .
 Then there are exactly se y  en Baer subplanes disjoint from A and intersecting B in a
 triangle and exactly se y  en Baer subplanes disjoint from A , intersecting B in a near pencil
 with four points .
 P ROOF .  By Proposition 3 . 1 , there are exactly seven Singer – Baer partitions through
 A  dif ferent from  h A ,  B ,  C j .  If  h A ,  D ,  E j  is such a Baer partition , then , by Proposition
 3 . 3 , one of the planes  D , E  intersects  B  in a triangle and the other plane intersects  B  in
 a near pencil .  h
 P ROPOSITION 3 . 5 .  Let  G  be the Baer geometry of order  2 . Then there are no triangles
 in  G .
 P ROOF .  Let  P  5  PG (2 ,  4) ,  and let  A  and  B  be two disjoint Baer subplanes . Let
 h A ,  B ,  C j  be the Singer – Baer partition through  A  and  B .  Then the set  P  \ ( A  <  B )
 consists of excatly seven points . Therefore  P  \ ( A  <  B ) equals the point set of  C .  The
 only Baer subplane disjoint from  A  and  B  is therefore  C .  It follows that there are no
 triangles in  G .  h
 P ROPOSITION 3 . 6 .  Let P  5  PG (2 ,  4) , and let  @  : 5  h A ,  B ,  C j  be a Singer  – Baer
 partition . We then ha y  e the following :
 (a)  Let D be a Baer subplane of P disjoint from A , intersecting B in a triangle  h x ,  y ,  z j .
 Then the points a  : 5  xy  >  A , b  : 5  yz  >  A and c  : 5  xz  >  A are collinear .
 (b)  Let  h x ,  y ,  z j  be a triangle in B such that a  : 5  xy  >  A , b  : 5  yz  >  A and c  : 5  xz  >  A are
 collinear . Then there is exactly one Baer subplane D disjoint from A with D  >  B  5
 h x ,  y ,  z j .
 P ROOF .  (a)  Let  r ,  s  and  t  be the third points on the lines  xy , yz  and  xz  in  D ,
 respectively . Since  D  is a projective plane of order 2 , it follows that  r , s  and  t  are
 collinear .
 Furthermore , we have  r  5  xy  >  C ,  s  5  yz  >  C and t  5  xz  >  C .  Let  τ  be the Baer
 involution of  B .  By Proposition 3 . 2 , we have  τ  ( C )  5  τ  ( A ) .  Since the lines  xy , yz  and  xz
 are fixed by  τ  ,  we have  a  5  τ  ( r ) , b  5  τ  ( s ) and  c  5  τ  ( t ) .  Therefore  a , b  and  c  are
 collinear .
 (b)  Let  g  be the line  ab .  Let  D 9 be a Baer subplane disjoint from  A  intersecting  B  in
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 a triangle  h x 9 ,  y 9 ,  z 9 j .  Let  a 9  : 5  x 9 y 9  >  A , b 9  : 5  y 9 z 9  >  A  and  c 9  : 5  x 9 z 9  >  A .  By (a) , the
 points  a 9 ,  b 9 and  c 9 are collinear . Let  g 9 be the line  a 9 b 9 .
 Since  @  is a Singer – Baer partition , there is a Singer cycle  s  such that  @  5  3 ( s  ) .  Let
 r  : 5  s  3 .  Then , by Lemma 2 . 1 ,  r  is an automorphism of  P  inducing Singer cycles in the
 Baer subplanes  A , B  and  C .  In particular ,  r  fixes the Baer subplanes  A , B  and  C .  Let
 a  P  k r  l  such that  a  ( g 9 )  5  g .  By a suitable notation , we obtain
 a  ( a 9 )  5  a ,  a  ( b 9 )  5  b ,  a  ( c 9 )  5  c .
 Since  a  ( B )  5  B ,  the line  x 9 y 9 is mapped on the unique line  xy  of  B  through  a .  In the
 same way , it follows that  a  (  y 9 z 9 )  5  yz  and  a  ( x 9 z 9 )  5  xz .  Since these lines define the
 triangles  h x 9 ,  y 9 ,  z 9 j  and  h x ,  y ,  z j ,  it follows that  a  ( h x 9 ,  y 9 ,  z 9 j )  5  h x ,  y ,  z j .  Let  D  : 5
 a  ( D 9 ) .  Then  D  is a plane disjoint from  A  intersecting  B  in the points  h x ,  y ,  z j .  So we
 have seen the existence of a Baer subplane disjoint from  A  intersecting  B  in the
 triangle  h x ,  y ,  z j .
 It remains to show the uniqueness of such a plane . Assume that there are two Baer
 subplanes  D  and  D 9 disjoint from  A  intersecting  B  in the triangle  h x ,  y ,  z j .  Let  s  be a
 Singer cycle such that  @  5  3 ( s  ) ,  and let  r  : 5  s  3 .  Then  r  is an automorphism of order 7
 fixing the subplanes  A , B  and  C .  Therefore  D 0  : 5  D ,  D 1  : 5  r  ( D ) ,  .  .  .  ,  D 6  : 5  r
 6 ( D ) are
 Baer subplanes intersecting  B  in triangles . For  i  5  0 ,  .  .  .  ,  6 the triangle  B  >  D i  induces
 by (a) a line  g i  in  A .  Since  r  is a Singer cycle in  A ,  these lines are pairwise distinct (we
 have  g i  5  r
 i g 0 ) .  In particular ,  D ,  D 1  ,  .  .  .  ,  D 6 are pairwise distinct . Since  D  and  D 9
 induce the same lines in  A ,  h D 9 ,  D ,  D 1  ,  .  .  .  ,  D 6 j  is a set of eight Baer subplanes disjoint
 from  A  intersecting  B  in a triangle , contradicting Corollary 3 . 4 .  h
 P ROPOSITION 3 . 7 .  Let P  5  PG (2 ,  4) , and let  @  5  3 ( s  )  5  h A ,  B ,  C j  be a Singer  – Baer
 partition . Furthermore , let  r  : 5  s  3 .
 Let  $  be the set of the  14  Baer subplanes disjoint from A not contained in  @ . Then D
 splits under the action of  r  into two orbits , each of them containing se y  en elements . The
 Baer subplanes of one orbit are the Baer subplanes disjoint from A intersecting B in a
 triangle . The Baer subplanes of the other orbit are the Baer subplanes disjoint from A
 intersecting B in a near pencil with four points .
 P ROOF .  Since  r  fixes the planes  A  and  B  (Lemma 2 . 1) , any plane disjoint from  A
 and intersecting  B  in a triangle is mapped on such a plane . On the other hand , no such
 plane is fixed by  r .  Therefore the seven planes disjoint from  A  intersecting  B  in a
 triangle from an orbit with respect to  k r  l .  h
 C OROLLARY 3 . 8 .  Let  G  be the Baer geometry of order  2 . Let  ( A ,  @ )  be an incident
 point  – line  – pair . Then there is an automorphism of  G  fixing A and  @  and acting
 transiti y  ely on the se y  en lines through A distinct from  @ .
 P ROOF .  In  P  5  PG (2 ,  4) the point  A  is a Baer subplane and  @  is a Singer – Baer
 partition  3 ( s  )  : 5  h A ,  B ,  C j  through  A .  By Corollary 3 . 4 , any of the Singer – Baer
 partitions through  A  dif ferent from  @  contains exactly one plane intersecting  B  in a
 triangle . By Proposition 3 . 7 ,  r  : 5  s  3 is an automorphism of  P  fixing  A  and  @  and
 permuting the planes disjoint from  A  and intersecting  B  in a triangle in one orbit .
 Therefore ,  r  fixes in  G  the flag  h A ,  @ j  and acts transitively on the lines through  A
 dif ferent from  @ .  h
 The following proposition is the main tool for better understanding the Baer
 geometry of order 2 .
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 P ROPOSITION 3 . 9 .  Let  G  be a Baer geometry of order  2 , and let  h A ,  B ,  C ,  D j  be a
 quadrangle . Let E , F , G , H be the third points on the lines AB , CD , BC and AD . Then
 we ha y  e the following :
 (a)  The lines AD and BC and the lines AB and CD are disjoint .
 (b)  The points G and H and the points E and F are collinear .
 (c)  The lines GH and EF intersect in a point I .
 (d)  The quadrangle ABCD can be extended to a  3  3  3  grid as follows :
H G I
A B E
D C F
 P ROOF .  (a)  Assuming that  AD  and  BC  were not disjoint , there would exist a
 triangle in  G .
 (b) and (c) We consider the points of  G  as Baer subplanes of  P  5  PG (2 ,  4) .  By
 Proposition 3 . 3 ,  D  >  B  is a triangle or near pencil with four points . We only consider
 the case in which  B  >  D  is a triangle The other case can be treated analogously .
 Since  D  >  B  is a triangle ,  D  >  E  is a near pencil (Proposition 3 . 3) .
 Since  C  and  B  are disjoint , by Proposition 3 . 3 ,  C  >  E  is a triangle or near a pencil .
 Since  C  >  D  5  [ ,  the set  C  >  E  is the complement of  D  >  E  in  E .  In particular ,  C  >  E
 is a triangle . Again by Proposition 3 . 3 , the set  C  >  A  is a near pencil .
 From  F  >  C  5  [  and  F  >  D  5  [ ,  it follows that  F  >  E  5  [ .  So  E  and  F  are collinear
 in  G . From  F  >  C  5  [  and  F  >  D  5  [ ,  it follows that  F  >  A  is a triangle ; namely , the
 complement of  C  >  A  in  A .  Since  F  >  A  is the complement of  D  >  B  in  B ,  it is a near
 pencil .
 From  H  >  D  5  H  >  A  5  [  and  G  >  C  5  G  >  B  5  [ ,  it follows that  H  >  B  5  F  >  B ,
 H  >  E  5  C  >  E , G  >  A  5  F  >  A  and  G  >  E  5  D  >  E .
 In particular , we have  G  >  H  5  [ ; hence  G  and  H  are collinear in  G .  Let  I 1 and  I 2 be
 the third points on the lines  GH  and  EF .  Then it follows that  I 1  >  G  5  I 1  >  H  5  I 1  >
 E  5  [ .  Furthermore , we have  I 1  >  A  5  C  >  A  and  I 1  >  B  5  D  >  B .  In the same way , it
 follows from  I 2  >  E  5  I 2  >  F  5  [  that  I 2  >  E  5  [ , I 2  >  A  5  C  >  A  and  I 2  >  B  5  D  >  B .
 Hence  I 1  5  I 2 .
 (d)  Follows from (a) , (b) and (c) .  h
 The above proof shows in particular that if  D  >  B  is a triangle in  PG (2 ,  4) , then the
 planes  A ,  .  .  .  ,  H  are as follows :
F    A
G    A
C    A
I     A
A
D    B
I     B
F    B
H    B
B
C    E
H    E
D    E
G    E  
E
 D EFINITION 3 . 10 .  Let  G  be the Baer geometry of order 2 . A  grid  of  G  is a set of nine
 points and six lines forming a 3  3  3 grid as described in Proposition 3 . 9 .
 P ROPOSITION 3 . 11 .  Let  G  be the Baer geometry of order  2 , and let  h A ,  B ,  E j  and
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 h A ,  D ,  H j  be two intersecting lines . Then there is exactly one point C such that
 h A ,  B ,  C ,  D j is a quadrangle .
 P ROOF .  Let  P  5  PG (2 ,  4) . We consider the points and lines of  G  as Baer subplanes
 and Singer – Baer partitions of  P .
 By Proposition 3 . 3 ,  D  >  B  is a triangle or a near pencil with four points .
 Case  1 :  let D  >  B be a triangle .  Then  D  >  E  and  H  >  B  are two near pencils , and
 H  >  E  is a triangle . Let  H  >  E  5  h x ,  y ,  z j .
A
D    B
H    B
B
H    E
D    E
EA B E
H
D
 Let  a  : 5  xy  >  B , b  : 5  yz  >  B  and  c  : 5  xz  >  B . xy  is a line of  H .  Let  u  be the third
 point of  H  on  xy .  Then we have  u  P  H  \ ( H  >  E )  5  H  >  B .  Hence  u  5  a .  In the same
 way , it follows that  a ,  b  and  c  are the third points of  H  on the lines  xy , yz  and  xz . In
 particular ,  a , b  and  c  are collinear .
 By Proposition 3 . 6 , there is (exactly) one Baer subplane  C  disjoint from  B  with
 C  >  E  5  h x ,  y ,  z j .  Furthermore ,  A  >  C  is a near pencil .
 From  C  >  B  5  A  >  D  5  [ ,  it follows that  C  >  D  Ô  E  ; hence  C  >  D  5  ( C  >  E )  >
 ( D  >  E )  5  [ .  Therefore  h A ,  B ,  C ,  D j  is a quadrangle in  G  and so the existence of a
 quadrangle through  A , B  and  D  is shown .
 In order to prove the uniqueness of such a quadrangle , we assume the existence of
 two points  C  and  C 9 of  G  such that  h A ,  B ,  C ,  D j  and  h A ,  B ,  C 9 ,  D j  are two quadrangles .
 In  P  the points  C  and  C 9 are two Baer subplanes disjoint from  B  and  D .  Therefore  C
 and  C 9 intersect the subplane  E  in the triangle  E  \ ( D  >  E ) .  This is a contradiction to
 Proposition 3 . 6 .
 Case  2 :  let D  >  B be a near pencil .  Since  D  >  B  is a near pencil ,  H  >  B  is a triangle .
 By Case 1 , there is exactly one quadrangle  h A ,  B ,  G ,  H j  through  A , B  and  H  :
A
G
B
H
D C
E
 If  C  is the third point on the line  BG ,  then the points  C  and  D  are collinear
 (Proposition 3 . 9) . Therefore  h A ,  B ,  C ,  D j  is a quadrangle through  A , B  and  D .  Assume
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 that there are two quadrangles  h A ,  B ,  C ,  D j  and  h A ,  B ,  C 9 ,  D j  through  A , B  and  D  :
A
G
B
H
D C
E
G' 
C' 
 Let  G 9 be the third point on the line  BC 9 .  Then  G 9  ?  G .  Furthermore , by Proposition
 3 . 9 , the points  H  and  G 9 are collinear . Therefore there are two quadrangles
 h A ,  B ,  G ,  H j  and  h A ,  B ,  G 9 ,  H j  through  A ,  B  and  H ,  a contradiction .  h
 C OROLLARY 3 . 12 .  Let  G  be the Baer geometry of order  2 . Then :
 (a)  If  +  and  }  are two intersecting lines of  G , then there is exactly one grid of  G
 containing  +  and  } .
 (b)  Any line of  G  is contained in exactly se y  en grids .
 P ROOF .  (a)  Let  A , B , C  and  A , D , E  be the points on  +  and on  } . By Proposition
 3 . 11 , there is exactly one quadrangle through the points  A , B  and  D .  By Proposition
 3 . 9 , this quadrangle can be extended in a unique way to a grid .
 (b)  Let  +  be a line , and let  A  be a point on  +  . Then there are exactly seven lines
 through  A  dif ferent from  +  (Proposition 3 . 1) . Any of these lines defines by (a) a grid
 through  +  . Since any of these grids contains the two other points of  +  , there are
 exactly seven grids through  +  .  h
 We extend  G 2 to a geometry  G #  2 of rank 3 as follows : the points , lines and planes of  G #  2
 are the points , lines and grids of  G 2 . The incidence in  G #  2 is defined in the natural way .
 We are now able to prove Theorem 1 . 2 .
 P ROOF  OF T HEOREM 1 . 2 .  (a)  Let  G  be a grid of  G . The points and lines incident with
 G  form a 3  3  3 grid . Therefore  G  induces a generalized quadrangle with the diagram
2 1
 If  +  is a line , then there are three points and seven grids incident with  +  (Corollary
 3 . 12) . These three points and seven grids define a generalized digon .
 If  A  is a point , then the lines and grids through  A  define a geometry  G A  of rank 2
 with the following properties :
 (i)  G A  has eight points ;
 (ii)  any line of  G A  is incident with exactly two points ;
 (iii)  any two points of  G A  are incident with a line of  G A  (Corollary 3 . 12) .
 Therefore  G A  is the geometry of the complete graph with eight vertices and has the
 diagram
c
1 6
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 It follows that  G  is a geometry of rank 3 belonging to the diagram
c
2 1 6
 (b)  Let  G  be the group  PGL 3 (4) .  By Proposition 2 . 5 ,  G  acts faithfully on  G . By
 Theorem 1 . 1 ,  G  acts transitively on the point-line flags of  G .  Let  h A ,  &  j  be such a flag .
 By Corollary 3 . 8 , there is an automorphism of  G , fixing  A  and  &  and permuting the
 seven lines through  A  that are dif ferent from  &  in one orbit . Since  &  generates with any
 of these lines a grid through  h A ,  &  j ,  it follows that  G  acts transitively on the chambers
 of  G .
 4 .  C ONCLUDING R EMARKS
 1 .  The point and line diameters of the Baer geometries are not yet determined .
 Since asymptotically every point is collinear with  1 – 3 y   points , one may conjecture that
 the point and line diameters are both 4 , if the order is large enough .
 (2)  If  G q  is the Baer geometry of order  q ,  then  G q  admits  P G L 3 ( q
 2 ) as an
 automorphism group . It is very likely that  P G L 3 ( q 2 ) is already the whole automorphism
 group .
 (3)  Let  P  5  PG ( d ,  q 2 ) with  d  even . Then  P  admits Singer cycles inducing partitions
 of the point set of  P  in pairwise disjoint Baer subspaces . The definition of a Baer
 geometry can be generalized in an obvious way . The resulting geometries are under
 investigation .
 (4)  So far , only the Baer geometry of order 2 has been considered as a geometry of
 rank 3 admitting  PGL 3 (4) as a flag-transitive automorphism group . It is an open
 question as to whether the Baer geometries of order  q  can be extended in general .
 (5)  Recently , Gottschalk [8] constructed a geometry  G  with diagram
4 3 4
7 7
 consisting of 120 points and 120 lines admitting  PSL 3 (4) as a flag-transitive automorph-
 ism group . The flag geometry of  G  is an induced subgeometry of the Baer geometry  G 2
 of order 2 (as a geometry of rank 2) . This fact has been used by Gottschalk [9] to
 compute the point and line diameters of  G 2 . It turns out that  d 0  5  d 1  5  8 .
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